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Abstrat
We onsider a massive salar eld with arbitrary oupling in S
1 × S3 spae, whih
mimis the thermal expanding universe, and alulate expliitly all relevant thermo-
dynamial funtions in the low- and high-temperature regimes, extending previous
analysis of entropy bounds and entropy/energy ratios performed in the onformal
ase. For high temperatures, new mass-dependent entropy ratios are established
whih, dierently to the onformal limit, full Bekenstein's and Verlinde's bounds
in the physial region.
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1 Introdution
Aording to reent astrophysial data our universe goes through (or will go through,
sooner or later) a de Sitter phase. Moreover, aording to the inationary paradigm
1
, the
universe in the past was also a de Sitter spae. Taking into onsideration the fat that
the early universe was thermal, one of the most promising andidates for modelling the
early universe is the S
1 × S3 spae.
One of the fundamental issues about the early universe is the entropy issue, partiu-
larly, the ourene of the so alled entropy bounds. One of the better known of these
bounds involves the ratio of the entropy S to the total energy E of a losed physial
system at high temperature, the Bekenstein bound [2℄. For S
1 × S3 spae the Bekenstein
bound reads [3℄
S
2πrE
≤ 1, (1)
where r is the radius assoiated with S3. Reently, however, a more restringent form of
the above bound was proposed by Verlinde [4℄ (for further developments of the Verlinde
formalism in four-dimensional de Sitter spae see [5℄). The Verlinde bound, whih applies
only to onformal eld theories (CFTs) and admits an holographi interpretation, is given
by
S
2πrE
≤ 1
3
. (2)
The expliit veriation of the Verlinde bound was performed for a number of CFTs,
mainly in S
1 ×S3 spae, via the alulation of the orresponding partition funtion [5, 6,
7, 8, 9℄. The orresponding quantum bounds are weaker than the Verlinde CFT bound.
As it should be expeted, entropy bounds our only for high temperature; in the low
temperature regime the orresponding entropy/energy ratio an be very large, in fat, it is
limitless [10℄. For the early universe, however, only the high temperature regime matters.
This being so, the fundamental question is: What is the most realisti entropy bound for
the early universe?
So far, alulations of quantum versions of entropy bounds have been limited to CFT.
For example, the ases of a onformally invariant massless salar eld in spaetime of
dimension D = 4, and of other types of massless elds in S1×S3 spae, were onsidered in
[10℄ where the Casimir energies [11℄ at zero and nite temperature were exatly alulated.
The purpose of the present paper is to address this question, in the framework of non-
onformal eld theory, by onsidering a simple example: the ase of a massive salar
eld with an arbitrary salar-gravitational oupling in S
1 × S3 spae. It seems lear that
this is a neessary step in the way towards the alulation of entropy bounds for more
1
Notie however that there is also the point of view due to Ellis and Maartens [1℄ whih ontemplates
the possibility of an eternal inationary universe without quantum gravity.
2
realisti quantum gravity theories (for a general introdution see [12℄) in the early de
Sitter universe, where gravitons are massive.
The paper is divided as follows. In Set. 2 we briey sketh a general zeta funtion
formalism suitable for S
1×Sd geometries, whih is fundamented in previous work. In Set.
3, we apply this formalism to the speial ase of the S
1×S3 geometry and obtain the low
and high temperature representations for the basi set of thermodynamial funtions. In
Set. 4, the impliation of the results for what onerns the entropy bounds is disussed.
The last setion ontains a onluding summary.
Throughout the paper, purely thermal quantities are denoted with a tilde, thus E˜
stands for the thermal energy, while untilded quantities inlude zero point ontributions.
We also employ natural units, ~ = c = 1, and set the Boltzmann onstant equal to one.
2 Zeta funtion formalism
We begin by reviewing the generalised zeta funtion approah [13℄ for the onstrution of
the logarithm of the partition funtion of the problem at hand. The eigenvalue equation
in S
1 × Sd reads (−∂2d + ξR+m2)Φλ (τ, ~x) = λΦλ (τ, ~x) , (3)
with ∂2d ≡ ∂2/∂τ 2+ ~∇2d, where τ := it is the eulidean time oordinate and ~∇2d the Laplae
operator on S
d
. The parameter ξ is the onformal parameter, whose value is a funtion
of the spaetime dimensions D = d + 1: (D − 2) / [4 (D − 1)]; R is the Rii urvature
salar. Equation (3) splits into two eigenvalue equations. The rst is(
− ∂
2
∂τ 2
+m2
)
Ω (τ) = αΩ (τ) , (4)
where Ω (τ) satises periodi boundary onditions on S1, so that Ω (τ) = Ω (τ + β), where
β ≡ T−1, the reiproal of the temperature T , is the periodiity length for the ompatied
eulidean time axis. Osillating solutions of Eq. (4) are given by Ω (τ) ∼ exp (ikττ) with
kτ = 2nπ/β, where n is an integer. It then follows, that
α→ αn =
(
2πn
β
)2
+m2, (5)
and
Ω (τ)→ Ωn (τ) ∼ exp (i2nπ/β) , n = 0,±1,±2, . . . . (6)
The seond eigenvalue equation, steming from Eq. (3), for the Laplaian on Sd is(
−~∇2d + ξR
)
Ψν (~x) = νΨν (~x) . (7)
3
The eigenfuntions Ψν (~x) an be hosen as the spherial harmonis Yℓm (θ1, θ2, ...θd−1, φ)
on Sd, whih satisfy
− ~∇2dYℓm (~x) =
M2ℓ
r2
Yℓm (~x) , (8)
and it follows that
ν → νℓ = M
2
ℓ
r2
+ ξR. (9)
The omplete spetrum of eigenvalues dened by the eigenvalue problem in S × Sd, ex-
pressed by Eq. (3), is then
λ→ λnℓ = αn + νℓ =
(
2πn
β
)2
+m2 + ξR +
M2ℓ
r2
. (10)
The zeta funtion orresponding to the operator −∂2d + ξR +m2 is given by
ζ
(
s
∣∣∣∣−∂2d + ξR +m2σ2
)
= σ2s
∞∑
n=−∞
∞∑
ℓ=0
[(
2πn
β
)2
+
M2ℓ (µ, χ)
r2
]
−s
, (11)
where σ is a regularization parameter with dimensions of mass [13℄ andM2ℓ (µ, χ) is dened
as
M2ℓ (µ, χ) ≡M2ℓ + µ2 + χ, (12)
with µ ≡ mr and χ = ξRr2. For the bosoni salar eld we are dealing with, the partition
funtion an be obtained from
log Z (β) =
1
2
d
ds
ζ
(
s = 0
∣∣∣∣−∂2d + ξR+m2σ2
)
. (13)
Now, we proeed along the lines desribed in Ref. [14℄, i.e., we introdue the Mellin
transform and make use of the Poisson sum formula (or the Jaobi theta funtion identity)
to formally split the partition funtion into two separate ontributions, one orresponding
to the zero-temperature Casimir energy and one orresponding to its nite temperature
orretion. The nal result is
log Z (β) = − β
2r
∞∑
ℓ=0
DℓMℓ (µ, χ)−
∞∑
ℓ=0
Dℓ log
(
1− e−βMℓ(µ,χ)/r) , (14)
Equation (14) holds generally for S
1×Sd geometries and ontains all the relevant physial
information we need at zero and nite temperature. The ase of spatial dimension d = 1,
however, needs to be handled with speial are: the formalism must be slightly modied
in order to take into aount the presene of a zero mode. In fat, it an be shown
4
that the thermodynamis of the zero mode are internally inonsistent with the hoie
of a partiular value for the saling mass, they thus turn out to be unpreditive and,
therefore, must be disarded from the formalism (see Ref. [14℄ for more details and Ref.
[10℄ for an independent statistial mehanial disussion). The simpliity, together with
the suggestive physial meaning of Eq. (14), whih provides a neat formal separation of
the logarithm of the partition funtion into non-thermal and thermal setors, is a diret,
remarkable onsequene of the generalised zeta-funtion tehnique employed here.
3 The massive salar eld on S
1×S3: Thermodynamial
funtions for the low- and high-T regimes
We now apply the formalism desribed above to our spei problem, i.e.: the evaluation
of the Casimir zero point energy and the thermodynamis of a massive salar eld Φ
in a S
1 × S3 geometry, with an expliit onformal symmetry breaking due to mass, and
deviations from the onformal value ξ = 1/6. The eigenvalues of the Laplae operator on
S
3
are given by M2ℓ = ℓ (ℓ+ 1), with ℓ = 0, 1, 2, . . ., and degeneray Dℓ = (ℓ+ 1)
2
. Hene,
we an write
M2ℓ (µ, χ) ≡ (ℓ+ 1)2 + µ2eff (15)
where the dimensionless parameter µ2eff is dened by
µ2eff ≡ µ2eff (µ, χ) = µ2 + χ− 1. (16)
This parameter plays a role similar to an eetive mass. Remark, however, that µ2eff and
χ are real numbers and that µ2 ≥ 0. The standard onformal value (ξ = 1/6) orresponds
to µ2 = 0 and χ = 1 (µeff = 0).
The Casimir energy at zero temperature, whih an be formally read out from Eq.
(14), is given by
E0
(
µ2eff
)
=
1
2r
∞∑
ℓ=0
(ℓ+ 1)2
√
(ℓ+ 1)2 + µ2eff . (17)
In the onformal limit, we obtain
E0
(
µ2eff
(
µ2 = 0, χ = 1
))
=
1
2r
ζ (−3) = 1
240r
. (18)
The Casimir energy for arbitrary µ2eff an be alulated following the analytial methods
disussed in [13℄. In the following subsetions we will onsider, however, an alternative
way.
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3.1 Thermodynamial funtions for low T
Let us now fous on the thermal setor, whih is desribed by the seond term on the
r.h.s. of Eq. (14), and obtain the relevant thermodynamial funtions. For onveniene,
we disuss the low and the high temperature regimes separately, and for the latter ase,
we distinguish between the open intervals 0 < µ2eff < ∞ and −1 < µ2eff < 0. After a
onvenient shift of the summation index, Eq. (14) reads
log Z˜ (β) = −
∞∑
ℓ=1
ℓ2 log
(
1− e−β
√
ℓ2+µ2eff/r
)
. (19)
The thermal energy is
E˜ (β) = − d
dβ
log Z˜ (β) =
1
r
∞∑
ℓ=1
ℓ2
(
ℓ2 + µ2eff
)1/2
eβ(ℓ
2+µ2eff)
1/2
/r − 1
, (20)
and the thermal part of the free energy
F˜ (β) = − 1
β
log Z˜ (β) = − 1
β
∞∑
ℓ=1
ℓ2 log
(
1− e−β
√
ℓ2+µ2eff/r
)
. (21)
The full set of thermodynamial funtions read
E (β) = E0 + E˜ (β) =
1
2r
∞∑
ℓ=1
ℓ2
(
ℓ2 + µ2eff
)1/2
+
1
r
∞∑
ℓ=1
ℓ2
(
ℓ2 + µ2eff
)1/2
eβ(ℓ
2+µ2eff)
1/2
/r − 1
, (22)
F (β) = F0 + F˜ (β) =
1
2r
∞∑
ℓ=1
ℓ2
(
ℓ2 + µ2eff
)1/2
+
1
β
∞∑
ℓ=1
ℓ2 log
[
1− e−β(ℓ2+µ2eff)
1/2
/r
]
(23)
S (β) = β (E − F ) = β
r
∞∑
ℓ=1
ℓ2
(
ℓ2 + µ2eff
)1/2
eβ(ℓ
2+µ2eff)
1/2
/r − 1
−
∞∑
ℓ=1
ℓ2 log
[
1− e−β(ℓ2+µ2eff)
1/2
/r
]
. (24)
Notie that when β → ∞ the entropy goes to zero as it should. It is lear that the zeta
funtion approah naturally leads to low-temperature representations for the fundamental
thermodynamial quantities.
3.1.1 The low-T approximation
In the low-T limit, β/r ≫ 1, we an easily obtain, from the low-T representations above,
the following expressions for E˜ (β), F˜ (β), and S (β)
E˜ (β) ≈
(
1 + µ2eff
)1/2
r
e−β(1+µ
2
eff)
1/2
/r, (25)
6
F˜ (β) ≈ − 1
β
e−β(1+µ
2
eff)
1/2
/r, (26)
S (β) ≈ β
(
1 + µ2eff
)1/2
r
e−β(1+µ
2
eff)
1/2
/r. (27)
As we will see, these relations lead to simple entropy bounds, similar to those obtained
in the onformal ase.
3.2 Thermodynamial funtions for the high-T regime
In order to onstrut high-temperature representations for the relevant thermodynamial
funtions, we an make use of one of the several well known summation formulae. The
most onvenient one here is the resaled Abel-Plana formula [15℄
h
∞∑
ℓ=1
f (hℓ) = −h
2
f (0) +
∫
∞
0
dx f (x) + i
∫
∞
0
f (iy)− f (−iy)
e2πy/h − 1 , (28)
where h is a sale fator and f (x) is suh that f (∞) = 0. In the high temperature regime
we must distinguish between two ases, to wit: 0 < µ2eff <∞ and −1 < µ2eff < 0. Let us
begin with the rst.
3.2.1 Thermodynamial funtions for 0 < µ2eff <∞
Consider the open interval 0 < µ2eff <∞ and the purely thermal part of the logarithm of
the partition funtion, Eq. (19). The resaled Abel-Plana formula with the identiation
h = β/r and f (x) = − (r/β)3 x2 log
[
1− e−(x2+m2effβ2)
1/2
]
, where meff = µeff/r is the
eetive mass orresponding to the dimensionless parameter µeff , reads
β
r
∞∑
ℓ=1
f
(
β
r
ℓ
)
= −
(
r
β
)3 ∫ ∞
0
dx x2 log
[
1− e−(x2+m2effβ2)
1/2
]
−2
(
r
β
)3 ∞∑
k=1
1
k
∫
∞
meff
dy y2
sin
[
k
(
y2 −m2effβ2
)1/2]
e2πry/β − 1 . (29)
Let us onsider the rst term on the r.h.s. of Eq. (29). Introduing a new real, positive
variable t, dened by t ≡ + (x2 +m2effβ2)1/2, and expanding the logarithm, we readily
obtain∫
∞
0
dx x2 log
[
1− e−(x2+m2effβ2)
1/2
]
= −
∞∑
n=1
1
n
∫
∞
meff
dt t
(
t2 −m2effβ2
)1/2
e−nt
7
=
d
dλ
∞∑
n=1
1
n2
∫
∞
meff
dt
(
t2 −m2effβ2
)1/2
e−ntλ|λ=1. (30)
The integral an be obtained with the help of (f. Ref. [16℄, formula 3.887.6)∫
∞
µ1
dx
(
x2 − µ21
)ν−1
e−µ2x =
1√
π
(
2µ1
µ2
)ν−1/2
Γ (ν)Kν− 1
2
(µ1µ2) , (31)
where Kν (z) is the modied Bessel funtion of the third kind. This result holds for
µ1 > 0; ℜµ2 > 0; ℜ ν > 0. It follows that∫
∞
0
dx x2 log
[
1− e−(x2+m2effβ2)
1/2
]
= meffβ
∞∑
n=1
1
n3
[
d
dλ
1
λ
K1 (meffβλn)
]
λ=1
. (32)
Now, we make use of the relation (f. Ref. [16℄, formula 8.486.15)(
d
z dz
)m [
z−νKν (z)
]
= (−1)m z−ν−mKν+m (z) , (33)
to obtain, after simple manipulations,∫
∞
0
dx x2 log
[
1− e−(x2+m2effβ2)
1/2
]
= − (meffβ)2
∞∑
n=1
1
n2
K2 (meffβn) . (34)
Let us now onsider the seond term in Eq. (29). Expanding the sine funtion in its
integrand, aording to
sin
[
k
(
y2 −m2effβ2
)1/2]
=
∞∑
n=1
(−1)n−1
(2n− 1)!
(
y2 −m2effβ2
)n−1/2
k2n−1, (35)
we obtain an innite sum of onvergent integrals whih, after performing the sum over k,
yields
i
∫
∞
0
f (iy)− f (−iy)
e2πy/h − 1 = −2
(
r
β
)3 ∞∑
n=1
(−1)n−1
(2n− 1)! ζ (2− 2n)Gn (meffβ) , (36)
where we have dened
Gn (meffβ) ≡
∫
∞
meffβ
dy y2
(
y2 −m2effβ2
)n−1/2
e2πry/β − 1 . (37)
8
Sine the Riemann zeta funtion is zero for all negative even integers, we have that
ζ (2− 2n) = 0 for all n, exept for n = 1. Therefore, only the rst term of the sum in
Eq. (36) survives and, after olleting all piees, we obtain for the thermal part of the
logarithm of the partition funtion, the result
log Z˜ (β) =
(
r
β
)3
(meffβ)
2
∞∑
n=1
1
n2
K2 (meffβn)− 2
(
r
β
)3
ζ (0)G1 (meffβ) . (38)
We an hek Eq. (38) out by setting meff = 0; then, making use of the small z approx-
imation of Kν (z) ≈ (1/2) Γ (ν) (z/2)−ν and of (f. [16℄, formula 3.411.1)∫
∞
0
dx
xν−1
eux − 1 =
Γ (ν)
uν
ζ (ν) , (39)
it follows that
log Z˜ (β) ≈ π
4
45
(
r
β
)3
+
1
240
β
r
, (40)
whih is in perfet agreement with Kutasov and Larsen [6℄ for the onformal limit. It is
important to notie, however, that now this result an be extended to onformal symmetry
breaking elds S
1 × S3, as long as their eetive mass remains zero.
More progress an be made if we evaluate G1 (meffβ) for an arbitrary eetive mass.
This an be done by rst expanding the denominator in G1 (meffβ) aording to
1
ex − 1 =
∞∑
n=1
e−nx, (41)
whih then allows us to write
G1 (meffβ) =
(
β
2π
)2
d2
dλ2
∞∑
n=1
1
n2
∫
∞
meffβ
dy
(
y2 −m2effβ2
)1/2
e−2πnryλ/β , (42)
where one more the derivative must be evaluated at λ = 1. This integral an be alulated
exatly, with the help of Eq. (31), the result being
G1 (meffβ) =
(
β
2πr
)3
meffβ
∞∑
n=1
1
n3
d2
dλ2
1
λ
K1 (2πnµeffλ) . (43)
Now make use of Eq. (33) and of the reursion relation (see [16℄, formula 8.486.13)
z
dKν (z)
dz
− νKν (z) = −zKν (z) , (44)
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to obtain the useful formula
d2
dλ2
[
1
λ
K1 (2πnµeffλ)
]
λ=1
= − (2πnµeff)K2 (2πnµeff) + (2πnµeff)2K3 (2πnµeff) ,
(45)
so that the seond term in Eq. (38) reads
J1 (meff , β) = −
µ2effβ
(2π)2 r
∞∑
n=1
1
n2
K2 (2πnµeff) +
µ3effβ
2πr
∞∑
n=1
1
n
K3 (2πnµeff) , (46)
where we have made use of ζ (0) = −1/2.
Finally, olleting all piees, we obtain
log Z˜ (β) =
rµ2eff
β
∞∑
n=1
1
n2
K2 (meffβn)−
µ2effβ
(2π)2 r
∞∑
n=1
1
n2
K2 (2πnµeff)
+
µ3effβ
2πr
∞∑
n=1
1
n
K3 (2πnµeff) , (47)
whih is the result we were looking for. In order to obtain the full set of thermodynamial
funtions, to this result we must add the zero point ontribution
logZ (∞) = − β
2r
∞∑
n=1
n2
(
n2 + µ2eff
)1/2
, (48)
Thus, the total free energy is given by
F (β) =
1
2r
∞∑
n=1
n2
(
n2 + µ2eff
)1/2 − rµ2eff
β2
∞∑
n=1
1
n2
K2 (meffβn)
+
µ2eff
(2π)2 r
∞∑
n=1
1
n2
K2 (2πnµeff)−
µ3eff
2πr
∞∑
n=1
1
n
K3 (2πnµeff) . (49)
Exat expressions for the total energy and entropy follow from the fundamental relations
E = d (βF ) /dβ and S = β [d (βF ) /dβ − F ]. The zero point ontribution must, of
ourse, be understood in terms of its analytial ontinuation [13℄. A shortut that avoids
analytial ontinuation is the realisation that the last two terms of Eq. (47) or Eq.
(49), lead to minus the renormalised vauum energy,−E0, that is, the exat renormalised
expression for the Casimir energy reads
E0 = −
µ2eff
(2π)2
∞∑
r n=1
1
n2
K2 (2πnµeff) +
µ3eff
2π
∞∑
n=1
1
n
K3 (2πnµeff) . (50)
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For µ2eff ≪ 1, for example, we obtain
E0 ≈ 1
240r
− µ
2
eff
48r
− µ
4
eff
16r
, (51)
in agreement with the analytial method. Equation (50) is an instane of the approah
to the Casimir energy proposed in [18℄.
3.2.2 The high temperature approximation and small eetive-mass orre-
tions
In the high-T regime, meffβ ≪ 1, with the eetive mass in the interval 0 < meff < r−1,
we an expand the modifed Bessel funtions in Eq. (47) to obtain
log Z˜ (β) ≈ π
4
45
r3
β3
+
β
240r
− µ
2
effr
2β
− µ
2
effβ
48r
, (52)
whih is Kutasov and Larsen's result [6℄ with the lowest-order eetive-mass orretion.
Higher-order orretions an be easily evaluated. It follows that the thermal free energy
an be written in saled form as
rF˜ (β) ≈ −π
4
45
(
r
β
)4
− 1
240
+
µ2eff
2
(
r
β
)2
+
µ2eff
48
. (53)
The saled thermal energy is
rE˜ (β) ≈ π
4
15
(
r
β
)4
− 1
240
− µ
2
eff
2
(
r
β
)2
+
µ2eff
48
, (54)
and the entropy is
S (β) ≈ 4π
4
45
(
r
β
)3
− µ2eff
r
β
. (55)
Again, if we set µ2eff = 0, we reover the standard results for the onformally invariant
ase [7, 10℄.
3.2.3 Thermodynamial funtions for −1 < µ2eff < 0
The evaluation of the logarithm of the partition funtion in the open interval −1 < µ2eff <
0 is somewhat more envolved. First of all, we redene f (hℓ) aording to
f (hℓ)→ f˜ (hℓ) ≡ −
(
r
β
)3
(hℓ)2 log
[
1− e−(h2ℓ2−|m2eff |β2)
1/2
]
, (56)
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where, as before, the sale fator is h = β/r. With the replaement hℓ→ x we also have
f (x)→ f˜ (x) ≡ −
(
r
β
)3
x2 log
[
1− e−(x2−|m2eff |β2)
1/2
]
, (57)
whih we will suppose to be real and hene dened in the interval
∣∣m2eff ∣∣1/2 β < x < ∞.
After introduing the new variable t ≡
√
x2 − ∣∣m2eff ∣∣β2, expanding the log and treating
the integral term as before the resaled Abel-Plana formula will read
β
r
∞∑
ℓ=1
f˜ (hℓ) = −
(
r
β
)3 ∞∑
n=1
1
n2
[
dIn (λ)
dλ
]
λ=1
+H (meffβ) , (58)
where we have dened
In (λ) ≡
∫
∞
0
dt
(
t2 +
∣∣m2eff ∣∣ β2)1/2 e−ntλ, (59)
and
H (meffβ) ≡ −2
(
r
β
)3 ∞∑
k=1
1
k
∫
∞
|m2eff |1/2β
dy y2
sin
[(
y2 +
∣∣m2eff ∣∣ β2)1/2]
e2πry/β − 1 . (60)
From our previous experiene we an antiipate that the rst term in Eq. (58) ontains
the thermal orretions and the seond one is related to the zero temperature vauum
energy.
The integral In (λ) an be alulated with the help of (f. [16℄, formula 3.387.7)∫
∞
0
dx
(
x2 + u2
)ν−1
e−px =
√
π
2
(
2u
p
)ν− 1
2
Γ (ν)
[
Hν− 1
2
(up)−Nν− 1
2
(up)
]
, (61)
that holds for |arg u| < π and ℜ p > 0. The funtions Hν (z) are the Struve funtions
whose series representation is given by [16℄
Hν (z) =
∞∑
j=0
(−1)j
(
z
2
)2j+ν+1
Γ
(
j + 3
2
)
Γ
(
ν + j + 3
2
) , (62)
and Nν (z) are the Bessel funtion of the seond kind (Neumann funtions) [16, 17℄. It
follows that the rst term of Eq. (29) an be rewritten as(
r
β
)3 ∞∑
n=1
1
n2
[
dIn (λ)
dλ
]
λ=1
=
πr3
∣∣m2eff ∣∣1/2
2β2
∞∑
n=1
1
n3
{
d
dλ
1
λ
[H1 (αλ)−N1 (αλ)]
}
λ=1
,
(63)
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where α ≡ ∣∣m2eff ∣∣1/2 βn.
The seond term an be integrated just as we did before, that is, rst we expand the
sine funtion as in (35) and replae the denominator using (41), then we get
H (meffβ) =
r
4π2β
∞∑
n=1
1
n2
[
d2
dλ2
∫
∞
|m2eff |1/2β
dy
(
y2 +
∣∣m2eff ∣∣ β2)1/2 e−2πrnyλ/β
]
λ=1
. (64)
This integral an be also evaluated with the help of Eq. (61) and the result is∫
∞
|m2eff |1/2β
dy
(
y2 +
∣∣m2eff ∣∣β2)1/2 e−2πrnyλ/β =
∣∣m2eff ∣∣1/2 β2
4πrnλ
× [H1 (ηλ)−N1 (ηλ)] , (65)
where η ≡ 2π ∣∣m2eff ∣∣1/2 rn. Hene, we an write
log Z˜ (β) = −πr
3
∣∣m2eff ∣∣1/2
2β2
∞∑
n=1
1
n3
{
d
dλ
1.
λ
[H1 (αλ)−N1 (αλ)]
}
λ=1
+
∣∣m2eff ∣∣1/2 β
16π2
∞∑
n=1
1
n3
{
d2
dλ2
1
λ
[H1 (ηλ)−N1 (ηλ)]
}
λ=1
. (66)
Equation (66) an be simplied by making use of a relation similar to Eq. (33) for the
Neumann funtions and of the relations [16℄
d
dz
z−νHν (z) =
1
2νπ1/2Γ
(
ν + 3
2
) − z−νHν+1 (z) , (67)
and
2
d
dz
Hν (z) = Hν−1 (z)−Hν+1 (z) +
(
1
2
z
)ν
π1/2Γ
(
ν + 3
2
) , (68)
Using these relations, we an reast Eq. (66) into the form
log Z˜ (β) = −πr
3
∣∣m2eff ∣∣1/2
2β2
∞∑
n=1
1
n3
[
2α2
3π
− αH2 (α) + αN2 (α)
]
+
∣∣m2eff ∣∣1/2 β
16π2
∞∑
n=1
1
n3
{
−η3
[
H1 (η)
2η
− H2 (η)
η2
− H3 (η)
2η
+
η
60π
]
+ ηN2 (η)− η2N3 (η)
}
λ=1
.(69)
The rst term in the rst line on the r.h.s. of Eq. (69) leads to the divergent parel
− ∣∣µ2eff ∣∣3/2 ζ (1) /3, nevertheless, this ontribution does not depend on β or r, thus being
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physially unobservable. Therefore, we an disard it without too muh ado, and with the
deletion of this term, Eq. (69) is our nal result. As a hek onsider again the massless
limit. Sine the parameters α and η are proportional to
∣∣m2eff ∣∣1/2, and the Struve funtions
are represented by asending powers of α and η, their ontribution in the massless limit is
negligible. The same remark holds for the quarti term in η. Then, realling that for small
z the limiting form of Neumann funtions is Nν (z) ≃ − (1/π) Γ (ν) (z/2)−ν , we atually
obtain Kutasov and Larsen's result [6℄.
The regularised vauum energy for the open interval −1 < µ2eff < 0 an be inferred
from Eq. (69) and reads
E0 =
∣∣µ2eff ∣∣1/2
16π2r
∞∑
n=1
1
n3
{
η3
[
H1 (η)
2η
− H2 (η)
η2
− H3 (η)
2η
+
η
60π
]
− ηN2 (η) + η2N3 (η)
}
λ=1
.
(70)
Eetive mass orretions are, as before, easily obtainable. For example, to lowest order
in
∣∣µ2eff ∣∣, the logarithm of the partition funtion is given by
log Z˜ (β) ≈ π
4
45
r3
β3
+
β
240r
+
π2
∣∣µ2eff ∣∣
12
r
β
+
3
∣∣µ2eff ∣∣
16
β
r
. (71)
The relevant thermodynamial funtions in this approximation read
rE˜ (β) ≈ π
4
15
r4
β4
− 1
240
+
π2
∣∣µ2eff ∣∣
12
r2
β2
− 3
∣∣µ2eff ∣∣
16
, (72)
rF˜ (β) ≈ −π
4
45
r4
β4
− 1
240
− π
2
∣∣µ2eff ∣∣
12
r2
β2
− 3
∣∣µ2eff ∣∣
16
, (73)
S (β) ≈ 4π
4
45
r3
β3
+
π2
∣∣µ2eff ∣∣
6
r
β
. (74)
Notie that the entropy is always positive, but that, owing to quantum eets, the energy
an attain negative values. Higher order orretions inlude frational powers of
∣∣µ2eff ∣∣.
It is important, however, to realise one again that, in the thermodynamial sense, the
onformal limit has in our approah a broader sense.
4 Entropy/energy ratios
Now we an evaluate the entropy/energy ratios. Though they are meaningful for the
high-temperature regime only, for the sake of ompletness we will also evaluate them in
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the low-temperature limit. To start, in the low temperature regime the entropy/energy
ratio is µeff -independent. In fat, from Eqs. (27) and (25) we readily obtain
S (β)
2πrE˜ (β)
= δ ≫ 1, (75)
where, for omparison with known results, we have introdued the notation δ ≡ β/ (2πr).
This is the massless onformally invariant result [10℄.
The entropy/energy ratio in the high-temperature regime and for 0 < µ2eff < 1 is
given by
S (β)
2πrE˜ (β)
≈
δ−3
180
− µ
2
eff
8π2
δ−1[
1
240
(δ−4 − 1)− µ
2
eff
8π2
(
δ−2 − π2
6
)] , δ ≪ 1. (76)
Again, by setting µ2eff = 0 we reover the onformal ase result [10, 7℄, but this time
extended to the non-onformal eld.
The entropy/energy ratio in the high-temperature regime with −1 < µ2eff < 0, reads
S (β)
2πrE˜ (β)
≈
δ−3
180
+
|µ2eff |
24
δ−1[
1
240
(δ−4 − 1) + |µ
2
eff |
48
(δ−2 − 9)
] , δ ≪ 1. (77)
These ratios an be ompared and visualised in the plot below (Fig. 1), where we also
show the Bekenstein and the Verlinde ratios
The horizontal axis is δ and the vertial one is the ratio entropy/energy. The thiker
line is the upper limit of Bekenstein's ratio S (β) /2πrE˜ (β) = 1. The thinner of the thik
lines is the Verlinde ratio S (β) /2πrE˜ (β) = 1/3. The thin full urve is the onformal
result. The long-dashed urve plot is Eq. (76) and the short-dashed one Eq. (77); in
both ases we have set µ2eff =
∣∣µ2eff ∣∣ = 0.5. For δ → 0 the plots orresponding to Eqs.
(76), (77), and the onformal ase all oalese into the same straight line. Notie that
for δ ≈ 0.2 all entropy bounds exeed the Verlinde bound. The one orresponding to the
onformal limit surpases quite soon the Bekenstein bound, at about δ ≈ 0.6. Conerning
our approah, it is very interesting to remark that, owing to the dierent algebrai signs
of the eetive mass orretions, the entropy bounds given by Eqs. (76) and (77) behave
in a very dierent way. Indeed, with negative (tahyoni) eetive mass, the entropy
bound soon exeeds (δ ≈ 0.4) the Bekenstein bound (as in the ase of the onformal
theory). Here, this is probably the manifestation of some tahyoni-related instability,
that renders also another branh of negative values of the ratio. Notie the sudden jump
for δ ≈ 0.5. This behaviour also seems to be related to suh tahyoni instabilituy and is
due to the fat that the energy beomes negative. The entropy remains always positive,
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Figure 1: The entropy/energy ratios for our onguration, in the two dierent regimes of µeff ,
namely 0 < µ2eff < 1 (long dash urve) and −1 < µ2eff < 0 (short dash urve), as ompared
with the onformal ase (thin full line) and with the Bekenstein and Verlinde bounds (thiker
line and seond thiker one, respetively).
as remarked before. However, beause we are on the verge of violating the validity of our
approximation the behaviour for δ > 0.5 is suspiious and ould be spurious. At the same
time, for positive eetive mass the entropy bound remains below the Bekenstein bound
for all values of δ, whih is a remarkable result. What is more, the value seems to ome
bak to fulll Verlinde's bound, for higher values of δ, whih is indeed very nie.
From Eq. (47) we an also obtain the entropy/energy ratio in the limit meffβ ≫ 1.
In fat, it is easy to show that in this limit the entropy/energy ratio does not depend on
the eetive mass meff and reads
S (β)
2πrE˜ (β)
≈ 5
3
δ . (78)
Therefore, in the high-temperature regime (δ → 0), with meff ≫ T , the ratio en-
tropy/energy remains bounded by the Bekenstein limit. It should be expeted that a
similar bound will hold for the de Sitter graviton in the early thermal universe.
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5 Conluding remarks
In this work, we have onsidered the evaluation of of the Casimir energy at zero and nite
temperature for the ase of a massive salar eld in S
1 × S3 geometries allowing for an
arbitrary onformal parameter ξ.
The evaluation of the orresponding thermodynamial funtions through the resaled
Abel-Plana sum formula leads straightforwardly to the very high temperature regime
(no exponential orretions), but then, it is there that the relevant physis lies. As
stressed in Ref. [10℄, it is only in the high-T regime that we are allowed to make use
of thermodynamial methods in the one-loop approximation [19℄ (for earlier studies of
similar questions see Ref. [20℄ where a slightly dierent approah was employed). We
have also shown that for µ2eff = 0, the zero temperature Casimir energy is degenerated
in the sense that it is equal to the Casimir energy of the onformal ase. We also have
evaluated the relevant thermodynamial funtions and extended the previous analysis
of entropy bounds and entropy-energy ratios of the symmetrial onformal ase to the
present one. Interestingly enough, for µ2eff = 0, all previous results onerning Bekenstein-
Verlinde ratios are valid. Also, dual symmetries, as for example the temperature inversion
symmetry, are reovered.
Our results an be used in the alulation of the entropy/energy ratio for the graviton
living in the same spaetime. Sine the osmologial onstant will play the role of the
eetive mass onsidered here, it follows that the entropy/energy ratio will depend on the
osmologial onstant. Moreover, sine a `osmologial onstant' term oming from the
vauum utuations of some eld (as predited by several fashionable models) will depend
on time, as the radius of the universe also does, this bound will beome time-dependent.
We an speulate then on the relation between the hange of suh a kind of osmologial
onstant and the evolution of the entropy bound.
As a nal remark, notie that the free energy alulated here an be used in the
analysis of the bak reation of a massive salar eld in the spaetime under disussion.
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